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INTRODUCTION. 
Arches are especially suited to structures supporting fixed loads, for then the 
arch axis can be fitted to the equilibrium polygon, eliminating primary bending 
moments. }loving away from this ideal condition arches become less sa0isfactory as 
the ratio of live load to dead load increases. Large bending moments may occur at 
certain points of the rib and the only satisfactory method of estimating their value 
is by using Influence Lines. 
Since the two-pinned arch is statically indeterminate to one degree it is 
necessary to assume a structure before the design can commence. Unless the original 
choice is guided by experience of similar structures a considerable amount of " cut 
and try " work must be done before the final design is reached. Although it is not 
possible to eliminate the trial method entirely, it is desirable to reduce the work to a 
minimum. 
In the following sections, Influence Lines for two-pinned arches have been 
derived and used to draw certain general conclusions. It is thought that they provide 
a reasonably direct method of design which also allows an estimate to he made of the 
effect of variations from the original assumptions. 
B 
NOTATION. 
A =area of cross-section of arch rib. 
ds =element of arch rib. 
E = Young's Modulus. 
H = horizontal thrust. 
1 =moment of inertia (general). 
1 c = crown moment of inertia. 
18 = springing moment of inertia. 
L = span of arch rib. 
l1 =half span of arch rib. 
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NoTATION.-(Continiied.) 
m = a parameter defined by text. 
M = a bending moment. 
n = an exponent defined by text. 
P =a load. 
r = rise of arch rib. R1 = live load rib-shortening coefficient. 
V = vertical reaction. 
X =a force along OX. 
x = a co-ordinate. 
Y =a force along OY. 
y = a co-ordinate. 
x 
z 
l1 
LLH =deflection at L due to load H . 
.61,p =deflection at L due to load P. 
LL =resultant deflection at L. 
DrL = deflection at P clue to load P at L. 
cjJ = slope angle of rib. 
In the text other symbols and subscripts are introduced which are defined by 
the figures or the context. 
GENERAL REFERENCE. 
"Concrete, Plain and Reinforced" by Taylor, Thompson and Smulski, Vol. 2, l. John 
Wiley and Sons, 1928. 
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GENERAL THEORY.* 
The equations of static equilibrium 
J;X =0 J;Y =0 J;M =0 
are not sufficient for the analysis of the two-pinned arch. A further equation must 
be introduced from the assumed conditions of fixity at the supports, viz. :-
. (1) 
*Intermediate steps have been omitted in the mathematical work in order to save space. 
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If the abutments do not move h01izonta.lly Dr,= 0 and equation (1) becomes
DLR + DLP = 0 . . ............. (2) 
p 
Fig. 1. + 
l 
Referring to Figure 1 
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J. My ds El ................. (4) 
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Substitute equations (3) and (4) in equation (2) and solve for H then 
H=-
by Maxwell's Theorem. 
R f Myds 
· El 
L 
R 
............. (5) 
R 
J
. '!/ds +
El f
d::c
EA 
J. J, 
DrL 
- .. ..... .. .. ..... (6) Dm =1 
THE ARCH CENTRE-LINE. 
If the centre-line is ta.ken as a second order parabola (the correct shape for 
uniform loading from end to end), its equation, in ca.rtesia.n co-ordinates with the 
origin at the crown (Figure 2) is 
JI = r x2 = rz2 ...... ........ (7) 
z2 l 
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The co-ordinates for the arch can be found from Table L 
TABLE L 
z y 1 yr r 
O·O 0·0000 1·0000 
O·l 0·0100 0·9900 
0·2 0·0400 0·9600 
0·3 0·0900 0·9100 
0·4 0·1600 0·8400 
0·5 0·2500 0·7500 
0·6 0·3600 0·6400 
0·7 0·4!300 0·5100 
0·8 0·6400 0·3600 
0·9 0·8100 0·1900 
l·O 1·0000 0·0000 
VARIATION OF MOMENT OF INERTIA. 
Consider the equation 
I n _  c_ =l+ (rn-l)z 
I cos cp . . . . . . . . . . . . . . . .  (8) 
An equation of this type can be used to represent the variation of moment 
of inertia of the rib section from the origin at the crown to the springing. Equation 
(8) gives a smooth gradation to the value of I, but in practice many cases occur in
which the value of I changes in steps due to sudden changes in section of the rib. 
Even in these cases, however, the actual variation can be replaced by a hypothetical 
curve which is satisfactory for design purposes. 
In equation (8) there are three quantities to be fixed, le, rn and n. Thus the 
curve may be passed through three distinct values of I in the half-span. le will be the 
crown moment of inertia. Another value lq, can be taken at the quarter-point, and 
yet another, 18, at or near the springing. It must be remembered that, in practice, 
the section of the rib may change radically near the pin but that this change has very 
little effect on the value of H. 
For the qua.rter-point and springing we have 
I 
Q = 1-
"- ,1. 
= 1 + (rn - l ) zt . . . . . . . . . , . . . .  (9 ) 
a cos 'f'a 
I
S = 1. _
c_ ,1. = 1 + (rn - 1 ) Zs'' . . . . . . . ... . . . (10 ) 
S COS 
'f'S 
then 
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log (Q -1) - log (S -1)n = -- - --- .. . . . . . . . . . . .. (11) 
log zq - log z., 
(Q -1)
m = 1 + -zn- . . . . . . . . . . .. . . . . .. . . . (12) 
q 
The preceding equations (11) and (12) will permit the investigation of an 
existing design. However, for an entirely new project it is equally satisfactory k 
choose the constants m and n integral. If Influence Lines of thrust and moment are 
available for a few values of m and n the work of design is considerably reduced. The 
theoretical I-curve can then be used as a guide in the design of sectioni' of the rib. 
In the following pages Influence Lines are deduced for values of n = 1 and n = 2 
with values of m from 1 to 8. 
Case 1 .  
then 
where 
Fig. 2. 
DERIVATION OF INFLUENCE LINES. 
n= l 
I 
-1 c 
,1.. 
= 1 + (m -1) z 
cos 
'f' 
(13) 
m = __!,:__ 
,1.. 
• • • • • • • • • • • • • • • • • •  (14) 
18 COS
'f'S 
The variation of I is given by 
and from (7) 
f = f 1 + (m - 1) z } cos </> 
2rz tan ef> = -­
l1 
6 
then 
.so 
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. ; --4 r2z2 sec cp = y 1 + T2 . . .. . ....... . . (15)1 
le {l+(m-l)z: 
T = v 1+4; 2: 2 .......... (16) 1 
From equations (5) and (6) 
JR , ds J11Ed1 Ax 61.n = Y" EI + 
L L 
JI 
ds 
EI l 
+ 
f, 
JI 
JI 
J dx EA 
{, 
}( j.
9 ds 
y- El 
[, 
f 2 ds 
, 
y EI [1 -+ Rz ] * 
L 
........ (17) 
Changing the origin to the crown and substituting for y from (7) and for I 
from (13) equation (17) becomes 
1 
J [l + (m - 1) z] (1 - z2)2 dz
0 
= ��2c (1 + R1) (5m 3: 11) ........... (18)
From the theory of elasticity d2�:L = - � sec cp
and for H = 1, M = r - y referred to the origin at the crown, so 
(r -y) {l + (m - l)z} ............ (19)
11 cl:v . L *The term I Jt=-1. can be evaluated by summation. It then reduces to E(.Iveraoe A)" 
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Integrating t'Yice and introducing the conditions, 
d;, "1' = 0 at z = 0, and 6 n = 0 at z = 1 then
_ L2r_ [z2 + 
(m - l)z3 _ � _ (m - l)z5 _ 7m + 18] . (20) 
8Elc 3 6 10 30 
From (6) , (18), and (20)
Hr (1 + R1) 
= 
15 [z� + (m - 1) z3 _ � _ (m - l)z5 _ 7m + 18] (2l) 
L 4 ( 5m + 11) ;3 6 10 30 
CASE 2. 
For n = 2 the formulae are quoted without derivation. 
le 
-- = 1 + (m - l)z2 • • • • • • • • • • • • • • • • • • • •  (22) 
I cos ef> 
1 + (m - 1) z2!\./ 
1 
+ 4r2z2 .. . . . . . . . . . . . . .. (23) 
712 
C::,w 
= 
Lr2 (�]: Rt) ( 4
8 
1
:
5
sm ) ............. (24) 
7 
L2r [z2 + (m - 2) z4 _ �m - 1) z6 _ (!!!.. + 11)] . . (25) 
8EI0 6 15 10 15 
Hr (l + R1) 105
L 48 +Sm
HORIZONTAL THRUST. 
l [z2 + (m - 2) z4 _ (m - 1) z6 _ ( m + _1!)] (26)
8 6 15 10 15 
INFLUENCE LINES. 
From equations (21) and (26) the influence lines of horizontal thrust may be
found for any particular value of m. However, greater generality is obtained by 
. Hr (1 +Rt)evaluatmg 
---L--
. This has been done for several values of m and the results
are shown in the Plates. 
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MOMENTS. 
The moment at a point P at a distance y above the springing line, is given 
by 
JJ1 = M' - H (l +Rt) y + HRt y 
1i1' is the static bending moment at P. 
Dividing by L we get 
M JJ1' Hr y H Rt r 
L = L - L 
. 
r (l + Rt) + --[--
y 
r . • .  (27) 
Interpreting (27) it is seen that �� is the simple beam influence line; � (l + R1) is
the influence line of horizontal thrust previously obtained. 
H Rtr 
In the term -L we can replace H by H (l +Rt) without appreciable
error so that the last term becomes the influence line of horizontal thrus(multiplied by
Rt y_ .r 
If we undertake to compute the ribshortening moment separately then the moment 
influence line will be 
JJ1 M' r y; = -L - H (l + R1) L
y 
r 
From (28) Influence Lines of � have been calculated.
HORIZONTAL I .. OADS.
.... .... (28) 
It is sometimes necessary to examine the Pitresses in an arch due to horizonal 
loads. 
Fig. 3. 
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Consider Figure 3. 
For unit H at L 1VI 
EI sinf ........ (29) 
Now 6 u' = 6 PL , M = H ( r - y) and H = 1 
so 
d2 61'[ 
dy2 
r -y 
- Elc- [l + (m - 1) zl cot </> ........ (30)
cot </> = L and z = 1\/ JL 4rz r 
Integrating (30) bet\1-ocm the proper limits gives 
DPL = _ Lr2 [:_: + (m - 1) z4 _ z5 _ �=� _ � _ m] .. (�I) 
Eic 3 8 15 24 60 12 
for the right hand side, and 
_ Lr� [z3 , (m - l) z4 z5 (m - l) zli 11 m 1 6 l'L - EI� 3 T 
8 - 15 - 24 + 6o + 12J 
for the left-hand c;idc. 
6w is given by equation (18) but with the term Rt omitted.
... (32) 
9 
The ho;:izon.tal thrust has been evaluated from equations (31). (32) and (18) for 
values of m of 1, 4 and 7. 
THE PLATES. 
Plate 1 showc the acsumed variations of moment of inertia. Plates 2 to 9· 
are Influence Lines of Horizontal Thrust and Bending Moment at the crown, qu'1rter, 
and three-eighths point. Plato 10 gives the vertical and horizontal reactions due to 
horizontal loading. 
CONCLUSION. 
It is not expected that a design will conform closely to either of the equations 
(13) and (22) used in this analysis. However it appears that the deviations which 
occur can be taken into account well enough in the choice of values for le and m. The
accuracy obtainable is sufficient for final design and equal to that of alternative 
methods. 
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The effect of variations in 1 on live-load moments and thrusts can be gauged 
from the plates. For a given value of m (say 4) the difference between corresponding
influence lines for n = l and n = 2 is slight, despite the great difference in the two 
assumptions as shown in Plate l. Variation in the value of m vvithin the limits of
estimation for a particular rib also has small effect. 
Expressions for temperature and rib-shortening stresses contain the value of le 
explicitly. If this is taken as the actual value at the crown a considerable error may 
occur in ribs of irregular section. In these cases it is best to obtain the closest possible 
representative values of le and m by plotting the case onto Plate l. Fictitious values 
of these quantities are chosen, w-hich give a good fit at the centre half of the span. 
However, fibre stresses must still be calculated using the actual values of 1. 
The trend of the curves shows clearly the effect of increasing flexibility at the 
crown. In the limit the two-pinned arch becomes a three-pinned arch and the curves 
reduce to a series of straight lines. 
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